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In the pure spinor formalism for the superstring, the b antighost is necessary for
multiloop amplitude computations and is a composite operator constructed to sat-
isfy {Q, b} = T where Q is the BRST operator and T is the holomorphic stress-
tensor. In superstring backgrounds with only NS-NS fields turned on, or in flat
space, one needs to introduce “non-minimal” variables in order to construct the b
antighost. However, in Type II backgrounds where the Ramond-Ramond bispinor field-
strength satisfies certain conditions, the b antighost can be constructed without the
non-minimal variables. Although the b antighost in these backgrounds is not holo-
morphic, its antiholomorphic derivative is BRST-trivial. We discuss the properties of
this operator both in the AdS5 × S
5 background and in a generic curved background.
April 2010
1. Introduction
Over the last ten years, the pure spinor formalism for the superstring has been used
successfully to compute superstring scattering amplitudes (see [1] for a recent review). A
major advantage over computations using the Ramond-Neveu-Schwarz formalism is that
spacetime supersymmetry is manifest in the pure spinor formalism so one does not need
to sum over spin structures to see cancellations in the multiloop amplitudes.
Since (b, c) and (bˆ, cˆ) reparameterization ghosts are not fundamental worldsheet vari-
ables in the pure spinor formalism, g–loop scattering amplitudes Ag are defined as in
topological string theory where the left-moving b antighost and right-moving bˆ antighost
are composite fields constructed to satisfy
{Q, b} = T, {Qˆ, bˆ} = Tˆ ,
where Q and Qˆ are the left and right-moving BRST operators and T and Tˆ are the left
and right-moving stress tensors. As in topological string theory, the integration measure is
then defined by contracting (3g−3) composite b antighosts with the Beltrami differentials
µ corresponding to the (3g − 3) Teichmuller moduli τ of the genus g Riemann surface
Ag =
∫
d3g−3τ
∫
d3g−3τ¯〈(
∫
µb)3g−3(
∫
µ¯bˆ)3g−3
N∏
i=1
∫
d2ziVi(zi)〉 . (1.1)
In a flat background, the construction of the b antighost satisfying {Q, b} = T is
complicated and requires the introduction of non-minimal worldsheet variables. In the
“minimal” pure spinor formalism, one has the usual (xm, θα, θˆαˆ) Type II superspace vari-
ables as well as the left and right-moving bosonic pure spinor ghosts (λα, λˆαˆ) satisfying
λγmλ = λˆγmλˆ = 0, where α = 1 to 16 and αˆ = 1 to 16 are ten-dimensional spinor
indices which have the same chirality for Type IIB and opposite chirality for Type IIA.
To construct the b antighost in a flat background, one then needs to include non-minimal
variables consisting of a new set of left and right-moving bosonic pure spinors, (λα, λˆαˆ), as
well as a set of left and right-moving constrained fermions, (rα, rˆαˆ). These non-minimal
variables satisfy the constraints λγmλ = λˆγmλˆ = 0 and λγmr = λˆγmrˆ = 0, so that there
are an equal number of non-minimal bosonic and fermionic degrees of freedom. After mod-
ifying the BRST operator to include the standard non-minimal term, these new variables
decouple from the cohomology and the physical spectrum.
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In addition to allowing construction of a b antighost satisfying {Q, b} = T , these non-
minimal variables also allow functional integration over the pure spinor ghosts, where λα is
interpreted as the complex conjugate of λα and λˆαˆ is interpreted as the complex conjugate
of λˆαˆ. Although scattering amplitudes have been computed using this prescription only in
a flat background, it is natural to ask if this construction of the b antighost generalizes to
curved supergravity backgrounds. One interesting background to consider is the AdS5×S
5
background with Ramond-Ramond flux.
In a recent paper [2] by one of the authors, it was argued that unlike in a flat back-
ground, non-minimal variables are not needed to construct the b antighost in an AdS5×S
5
background. Instead of introducing new non-minimal variables (λα, λˆαˆ) to play the role of
the complex conjugates of (λα, λˆαˆ), one can simply define
λα ≡ γ
01234
ααˆ λˆ
αˆ, λˆαˆ ≡ γ
01234
ααˆ λ
α, (1.2)
where γ01234ααˆ is the five-form gamma matrix in the direction of the five-form Ramond-
Ramond flux. So after multiplying by γ01234, the original left and right-moving pure spinor
ghosts can be interpreted as complex conjugates of each other. In a flat background, this
interpretation is not possible since λαλα = γ
01234
ααˆ λ
αλˆαˆ is BRST-trivial, so it cannot be
interpreted as a positive-definite quantity. But in an AdS5 × S
5 background, γ01234ααˆ λ
αλˆαˆ
is in the BRST cohomology: it is the vertex operator for the radius modulus. So it is
consistent to interpret γ01234ααˆ λ
αλˆαˆ as a positive-definite quantity since it cannot be gauged
away. After interpreting the complex conjugate of the pure spinor variables as in (1.2),
the construction of the b antighost in an AdS5 × S
5 background is straightforward.
In the first part of this paper, this construction of the b antighost in an AdS5 ×
S5 background will be shown to satisfy the necessary properties for consistency of the
amplitude prescription of (1.1). In addition to satisfying {Q, b} = T , it will be shown that
the b antighost also satisfies {Qˆ, b} = 0. However, unlike the left-moving b antighost in a
flat background, the b antighost in an AdS5 × S
5 background is not holomorphic, i.e. it
does not satisfy ∂¯b = 0. Instead it satisfies
∂¯b = [Qˆ,O] (1.3)
where O is defined by taking the antiholomorphic contour integral of bˆ around b. One
similarly finds that the bˆ antighost is not antiholomorphic and instead satisfies
∂bˆ = [Q, Oˆ] (1.4)
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where Oˆ is defined by taking the holomorphic contour integral of b around bˆ.
To prove (1.3), one uses the properties
{Q, b} = T, {Qˆ, b} = 0, {Qˆ, bˆ} = Tˆ , {Q, bˆ} = 0 (1.5)
to show that
∂¯b = [Tˆ−1, b] = [{Qˆ, bˆ−1}, b] = [Qˆ,O] (1.6)
where [Tˆ−1, X ] and {bˆ−1, X} denote the antiholomorphic contour integral of Tˆ and bˆ around
X , and O ≡ {bˆ−1, b}. One can similarly use (1.5) to prove (1.4) where Oˆ ≡ {b−1, bˆ} and
{b−1, X} denotes the holomorphic contour integral of b around X .
Although this non-holomorphic structure of the b and bˆ antighosts is unusual, (1.3)
and (1.4) should be enough for consistency of the amplitude prescription of (1.1). In order
that
∫
µb in (1.1) is invariant under the shift µ→ µ+∂¯ν for any ν, one usually requires that
∂¯b = 0. However, if one can ignore surface terms coming from the boundary of Teichmuller
moduli space, it is sufficient to require the milder condition
∂¯b = [Qˆ,O] . (1.7)
This can be shown by pulling Qˆ off of O and using [Qˆ, V ] = {Qˆ, b} = 0 and {Qˆ, bˆ} = Tˆ
to obtain terms which are total derivatives in the Teichmuller moduli. If one can ignore
surface terms from the boundary of moduli space, these total derivatives do not contribute.
For backgrounds such as AdS5×S
5 which preserve spacetime supersymmetry, one does not
expect the integrand of the scattering amplitude to diverge near the boundary of moduli
space, so it should be OK to ignore these surface terms. However, the role of such terms
in the AdS5 × S
5 Ramond-Ramond background deserves further investigation.
In the second part of the paper, we show that a similar construction of the b antighost is
possible whenever the supergravity background includes a Ramond-Ramond field strength
which, when expressed in bispinor notation as Pαβˆ, obeys certain conditions. In the type
II superstring, the dependence of the superfield P on the Ramond-Ramond p-form field
strengths Fp is
IIB :
1
gs
P =γa1Fa1 +
1
3!
γa1a2a3Fa1a2a3 +
1
2 · 5!
γa1...a5Fa1...a5 ,
IIA :
1
gs
P =F0 +
1
2!
γa1a2Fa1a2 +
1
4!
γa1...a4Fa1...a4 .
(1.8)
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For example, in the type IIB AdS5 × S
5 background, Pααˆ = γααˆ01234 whose inverse is
(P−1)ααˆ = γ
01234
ααˆ . We will show that when the R-R superfield is covariantly constant and
invertible, the state (P−1)ααˆλ
αλˆαˆ is in the BRST cohomology and one can redefine
λα ≡ (P
−1)ααˆλˆ
αˆ, λˆαˆ ≡ (P
−1)ααˆλ
α, (1.9)
and construct a b antighost such that {Q, b} = T . In backgrounds where the Ramond-
Ramond field strength satisfies the additional requirement
PγkP = fkmγ
m , (1.10)
where fkm is a superfield, it will be shown that (1.5) is still satisfied, which implies (1.3)
and (1.4). We will solve the condition (1.10) explicitly in terms of the type II R-R fluxes.
Surprisingly, the construction of the b antighost in a curved NS-NS background is more
complicated than in a R-R background since it requires non-minimal variables.
The fact that non-minimal variables in the pure spinor formalism are not necessary in
backgrounds where the Ramond-Ramond superfield is covariantly constant and invertible
should have consequences for scattering amplitudes in these backgrounds. Firstly, it would
be interesting to know if there are any examples of such backgrounds besides AdS5 × S
5.
Since non-minimal variables play an important role in the proof of non-renormalization
theorems in a flat background, it would be interesting to study non-renormalization theo-
rems in these Ramond-Ramond backgrounds.
Another interesting feature of this paper is the construction of O in (1.3) in terms of
the single pole between the b and bˆ antighost. We are not aware of any previous discussion
of such a construction, and there should be a natural geometrical interpretation of O in
backgrounds where b is not holomorphic but (1.5) is satisfied.
2. AdS5 × S
5 Background
Superstring propagation in the AdS5 × S
5 background is described by a non-linear
sigma model defined on the supercoset PSU(2, 2|4)/SO(1, 4)×SO(5). To set the notation
we briefly collect some facts about the pure spinor sigma model.
A coset representative g(σ) transforms as g′(σ) = g0g(σ)h(σ), where g0 is an element
of the global PSU(2, 2|4) and h(σ) is an element of the local SO(1, 4) × SO(5) Lorentz
4
group. The left-invariant currents J = g−1dg can be decomposed according to the Z4
automorphism of the super Lie algebra PSU(2, 2|4) as
J0 = (g
−1∂g)[ab]T[ab], J1 = (g
−1∂g)αTα, J2 = (g
−1∂g)aTa, J3 = (g
−1∂g)αˆTαˆ,
(2.1)
where TA are the super Lie algebra generators. They satisfy the Maurer-Cartan equations
∂J¯ + ∂¯J + [J, J¯ ] = 0 , (2.2)
which can be conveniently split according to the Z4 grading. We will need the left and
right-moving ghosts and their conjugate momenta (λα, wα) and (λˆ
αˆ, wˆαˆ). As anticipated
in (1.9), it will be convenient to redefine the hatted worldsheet quantities by introducing
a factor of the constant Ramond-Ramond superfield Pααˆ = (γ01234)
ααˆ and its inverse
Pααˆ = (γ01234)ααˆ
λˆα ≡ Pααˆλˆ
αˆ , wˆα ≡ Pααˆwˆαˆ , (J3)α ≡ PααˆJ
αˆ
3 . (2.3)
The worldsheet action reads
S =
R2
2π
∫
d2z
(1
2
ηabJ
aJ¯b +
3
4
(J3)αJ¯
α
1 −
1
4
Jα1 (¯J3)α
+ wα(∇¯λ)
α + wˆα(∇λˆ)α −
1
2
η[ab][cd]N
abN cd
)
,
(2.4)
where Nab and Nˆab are the SO(1, 4)× SO(5) Lorentz generators of the pure spinors and
η[ab][cd] = (ηa˜[c˜ηd˜]b˜,−δa¯[c¯δd¯]b¯), where a˜ = 0, . . . , 4 and a¯ = 5, . . . , 9 are the AdS5 and S
5
directions respectively. We introduced the covariant derivatives
(∇λ)α = ∂λα +
1
2
Jab0 (γabλ)
α , (∇¯λˆ)α = ∂¯λˆα −
1
2
Jab0 (γabλˆ)α .
The physical states are vertex operators in the cohomology of the nilpotent BRST
charge Q+ Qˆ
Q =
∮
dσλα(J3)α , Qˆ =
∮
dσλˆαJ¯
α
1 , (2.5)
that generate the following BRST transformations [3]
QJα1 = (∇λ)
α , QJa2 = (λγ
aJ1) , Q(J3)α = −(λγa)αJ
a
2 , (2.6)
QˆJα1 = −(γaλˆ)
αJa2 , QˆJ
a
2 = (λˆγ
aJ3) , Qˆ(J3)α = (∇¯λˆ)α ,
5
Qwα = (J3)α , Qˆwˆ
α = −J¯α1 , Qˆwα = Qwˆ
α = 0 ,
QNab =
1
2
(J3γ
abλ) , QˆNˆab =
1
2
(λˆγabJ¯1) .
In terms of the PSU(2, 2|4) super Lie algebra, the grading one and the grading three
subspaces are related by hermitian conjugation which implies
(λα)† = λˆα .
The stress tensor of the worldsheet theory is
T =−
1
2
Ja2 J
b
2ηab + J
α
1 J3α − wα∇λ
α , (2.7)
and it is easy to check that it satisfies {Q, T} = {Qˆ, T} = 0. The consistency of the theory
at the quantum level has been checked in [4][5][6].
2.1. The antighost
Before we consider the b antighost, let us take a quick detour and introduce a useful
projection operator. The conjugate momentum to the pure spinor variable, that we denoted
w, may only appear in expressions that are gauge invariant with respect to the local
symmetry
δwwα = (γ
aλ)αΛa , (2.8)
which is generated by the pure spinor constraint. As in flat space, the only gauge invariant
combinations of w are the SO(1, 9) Lorentz generators Nab and the ghost number current
Jgh. However, instead of working with N
ab and Jgh, it will be convenient to define a
projection operator (1−K)αβ which selects out the gauge-invariant components of wα. In
other words, (1−K)αβδwwα = 0 under (2.8).
Consider the following projection operator,1 built out of the inverse power of (λλˆ) ≡
Pααˆλ
αλˆαˆ
Kαβ =
1
2(λλˆ)
(γaλˆ)α(λγa)β =
1
2(λλˆ)
(γaλ)β(λˆγa)
α , (2.9)
1 A brief historical comment. The projection operator Kβα was first introduced in [7][8] in a
flat background, in the context of a semiclassical derivation of the pure spinor formalism from a
Green-Schwarz type action. However, the λˆ variable in [7][8] is a fixed spinor so the formalism in
[7][8] is not manifestly Lorentz covariant, but is only valid in a patch of the pure spinor manifold.
The Lorentz variation of the non-covariant b antighost constructed in [8] is BRST exact.
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with the following properties
(1−K)γaλ = 0 , Kγaγbλ = 0 , K∇λ = 0 ,
(1−K)γaλˆ = 0 , Kγaγbλˆ = 0 , K∇λˆ = 0 ,
(2.10)
and its traces over the spinor indices are TrK = 5 and Tr (1−K) = 11. By means of the
projector Kβα we can introduce the new quantity
wα(1−K)
α
β , (2.11)
which is invariant under (2.8).
In a flat background, one can construct a similar Kβα by replacing λˆα with the non-
minimal variable λ¯α. If one interprets λ¯α as the complex conjugate of λ
α, (λλ¯)−1 is
formally well-defined after the point λα = 0 for all sixteen components is removed from
the theory. However, as discussed in [9][10], there are problems if the negative powers of
(λλ¯) accumulate beyond 11. In an AdS5 × S
5 background, one expects similar problems
if the negative powers of (λλˆ) accumulate beyond a certain amount. However, as in a flat
background, we expect that our construction of the b antighost does not contain enough
negative powers of (λλˆ) to cause problems.
After using the ten dimensional identity
(γab)α
β(γab)γ
δ = 4(γa)
βδ(γa)αγ − 2δ
β
αδ
δ
γ − 8δ
δ
αδ
β
γ , (2.12)
the expression for the AdS5 × S
5 antighost in [2] can be written in terms of the (1−K)αβ
projector as
b =
(λˆγaJ3)J
a
2
2(λλˆ)
− wα(1−K)
α
βJ
β
1 . (2.13)
Using the BRST transformations in (2.6), it was shown in [2] that {Q, b} = T . Note
that as in [2], we will be ignoring possible normal-ordering corrections to the b antighost
throughout this paper and will only be considering the terms in b which are lowest order
in α′.
The other crucial property of the b antighost is
{Qˆ, b} = 0.
Let us prove it. The variation of the first term in (2.13) is
1
2(λλˆ)
(
(λˆγa∇¯λˆ)J
a
2 − (λˆγaJ3)(λˆγ
aJ3)
)
,
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which vanishes because of the pure spinor constraint and the properties of ten dimensional
gamma matrices. The variation of the second term in (2.13) is
wα(1−K)
α
β(γaλˆ)
βJa2 ,
which vanishes due to the properties of the projector (2.10).
An analogous construction carries over to the right-moving sector. The right-moving
stress tensor and antighost are
Tˆ =−
1
2
J¯a2 J¯
b
2ηab + J¯
α
1 J¯3α − wˆ∇¯λˆ , (2.14)
bˆ =−
1
2λλˆ
(λγaJ¯1)J¯
a
2 − wˆ
α(1−K)βα(J¯3)β . (2.15)
One can check that {Qˆ, bˆ} = Tˆ and {Q, bˆ} = 0.
2.2. Conservation of the antighost
We can apply the argument given in the introduction to show that the b antighost is
conserved up to BRST exact terms. Let us rewrite (2.13) in the convenient form
b =
λˆα
(λλˆ)
Gα
Gα =−
1
2
(γaJ3)
αJa2 − λ
α(wJ1) +
1
2
(γaw)α(λγaJ1) .
(2.16)
Since the b antighost is a Lorentz scalar, we have that ∂¯b = ∇¯b and
∇¯b = ∇¯
(
λˆα
(λλˆ)
)(
−
1
2
(γaJ3)
αJa2 +
1
2
(γaw)α(λγaJ1)
)
+
λˆα
(λλˆ)
∇¯Gα . (2.17)
Let us look at the second term in (2.17). By using the equations of motion of the action
(2.4) and the Maurer-Cartan equations (2.2) we find
λˆα
(λλˆ)
∇¯Gα =b0 + bw + bwwˆ + bww ,
b0 =
1
2(λλˆ)
(λˆγaJ3)(J3γ
aJ¯3) ,
bw =[w(1−K)γa]
α
(
(J3)αJ¯
a
2 − (J¯3)αJ
a
2
)
+
1
2(λλˆ)
(
1
2
(J¯3γabγcλˆ)N
abJc2 + 2(λˆγaJ3)(J¯2)bN
ab
)
,
bww =−
1
2
[w(1−K)γabJ¯1]]N
ab ,
(2.18)
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where the subscript indicates the number of w’s and wˆ’s present in each term. The term
bwwˆ is proportional to η[ab][cd]Nˆ
ab(λˆγcd)α which vanishes on the pure spinor constraint.
Let us show that ∇¯b is BRST exact. Consider the operator O of weight (2, 1), defined
as the coefficient of the single pole in the OPE of the hatted and unhatted antighosts
bˆ(z, z¯)b(0) = . . .+
Ozzz¯(0)
z¯
+ . . . . (2.19)
Since {Qˆ, bˆ} = Tˆ and {Qˆ, b} = 0, by applying Qˆ to (2.19) we conclude that
{Qˆ,O} = ∇¯b . (2.20)
Since the pure spinor superstring in AdS5 × S
5 is an interacting two–dimensional
conformal field theory, the OPE (2.19) has to be computed in the worldsheet perturbation
theory. In this paper, we are only interested in the leading order result that we obtain
using the tree level algebra of OPE’s between the left invariant currents, which was derived
in [11][12].2 One finds
O = A0 + Aw + Aww , (2.21)
where
A0 =
1
2λλˆ
(
J¯a2 (J3γaKJ3)− J
a
2 (J¯3(1−K)γaJ3)
)
+
2
(2λλˆ)2
(
−J¯a2 (λJ¯3)(λˆγaJ3) + J
a
2 (λJ¯3)(λˆγaJ3)
)
,
(2.22)
Aw =
1
(2λλˆ)2
(1
2
(λγaγefγbλˆ)J¯
a
2 J
b
2N
ef − 2(λγaJ¯1)(λˆγbJ3)N
ab
)
+
1
2λλˆ
(
−(wγaγbλ)J
a
2 J¯
b
2 − (λγaJ¯1)[w(1−K)γ
aJ3]
+ [wγa(1−K)J¯3](λγaJ1)− 2(λJ¯3)(wKJ1)
)
,
(2.23)
Aww =
1
2
[w(1−K)γef (1−K)wˆ]N
ef . (2.24)
The proof that (2.21) satisfies (2.20) is postponed to the Appendix.
2 The one-loop correction to the classical OPE’s have been computed in [13]. It would be
interesting to use them to compute the normal ordering terms in the antighost (2.13) and the
quantum corrections to the operator O.
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3. Type II supergravity background
In this Section we will introduce the action for a generic type II pure spinor superstring
sigma model and show that the b antighost is conserved in the classical BRST cohomology,
in a similar way to the AdS5 × S
5, whenever the background satisfies certain conditions.
At the end we will comment on the case when the supergravity background does not satisfy
such conditions.
The sigma model action for the type II pure spinor superstring in a generic super-
gravity background
S =
1
2πα′
∫
d2z[
1
2
ΠaΠ¯bηab +
1
2
ΠAΠ¯BBAB + dαΠ¯
α + dˆαˆΠˆ
αˆ
) + wα∇¯λ
α + wˆαˆ∇λˆ
αˆ
+ dαdˆαˆP
ααˆ + λαwβ dˆγˆCα
βγˆ + λˆαˆwˆβˆdγC˜αˆ
βˆγ + λαwβ λˆ
αˆwˆβˆS
ααˆββˆ + α′RΦ(Z)]
(3.1)
has been studied in [14], to which we refer the reader for the details. Here we will only
describe some features relevant for the present discussion. The worldsheet matter fields
are the pullback of the target space super-vielbein ΠA = EAMdZ
M , where A = (a, α, αˆ) is a
tangent space superspace index and M = (m,µ, µˆ) a curved superspace index. The ghost
content is the same as in the previous case and the covariant derivative on λ (λˆ) is defined
using the pullback of the left-moving (right-moving) spin connection Ωα
β = dZMΩMα
β
(Ωˆαˆ
βˆ = dZM ΩˆMαˆ
βˆ) as
(∇λ)α = ∂λα + Ωβ
αλβ , (∇λˆ)αˆ = ∂λˆαˆ + Ωˆ
βˆ
αˆλˆβˆ .
The background superfield BAB appearing in (3.1) is the superspace two-form potential;
the lowest components of Cα
ββˆ and C˜αˆ
βˆα are related to the gravitini and dilatini; the
lowest component of Pααˆ is the Ramond-Ramond bispinor field strength (1.8); Sααˆ
ββˆ is
related to the Riemann curvature. The left- and right- moving BRST charges are
Q =
∮
dσλαdα , Qˆ =
∮
dσλˆαˆdˆαˆ , (3.2)
where d and dˆ are the pullback of the spacetime supersymmetric derivatives. Conservation
of Q and Qˆ and nilpotency of Q+Qˆ imply a set of type IIA/B supergravity constraints, that
put the background onshell [14]. It was shown in [15] that one-loop conformal invariance
of the worldsheet action is implied by such constraints. In the following we will recall some
of those constraints when needed.
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The stress tensor for the pure spinor action in a generic type II supergravity back-
ground reads
T = −
1
2
ΠaΠbηab − dαΠ
α − wα(∇λ)
α , (3.3)
When the R-R superfield Pααˆ is an invertible matrix, we can simplify the sigma
model action. The variables d and dˆ couple to the R-R field strength through the term
dαdˆαˆP
ααˆ → dαdˆ
α in the action (3.1). If P is invertible we can integrate d and dˆ out upon
their equations of motion
dα =Πˆα + λ
ρwσPααˆC
σαˆ
ρ ,
dˆα =− Π¯α − λˆρwˆ
σPααˆP
ρρˆPσσˆC˜ρˆ
σˆα .
(3.4)
Substituting (3.4) into the stress tensor (3.3) we find
T = −
1
2
ΠaΠbηab − (Πˆγ + λ
ρwβPγγˆC
βγˆ
ρ )Π
γ − wα(∇λ)
α . (3.5)
The proof that the stress tensor (3.3) is separately invariant under the BRST transforma-
tions generated by the left and right-moving BRST charges
{Q, T} = {Qˆ, T} = 0 , (3.6)
involves the supergravity constraints of [14] and is postponed to the Appendix.
3.1. Some particular backgrounds
We would like to specialize to a background where the R-R superfield is covariantly
constant, namely
∇αP
ββˆ = ∇αˆP
ββˆ = 0 . (3.7)
This first requirement on the background ensures that the b antighost we will momentarily
introduce satisfies {Q, b} = T .
We will also have a second requirement on the background, namely that the R-R
superfield Pααˆ is such that
PααˆγkαβP
ββˆ = fkm(γ
m)αˆβˆ (3.8)
for some tensor superfield fkm. By expanding the superfield P in the basis (1.8) we can
find the general solution of the condition (3.8) in terms of the R-R p-form fluxes. We find
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that it holds when we turn on a single species of p-form flux with all nonzero components
sharing p− 1 legs. For example, the p-form flux
Fa1...aP = δ
1
[a1
δ2a2 ...δ
p−1
ap−1
cap]
is a solution of (3.8) for any choice of caP . In the next subsections, we will show that con-
dition (3.8) ensures that {Qˆ, b} = 0 and the b ghost is conserved in the BRST cohomology.
When the R-R superfield obeys (3.8), we have that λˆPγmP λˆ = 0 and we can redefine
the hatted torsion as T a
αˆβˆ
= Pααˆ(γ
a)αβPββˆ. Since the R-R superfield P
ααˆ is invertible, by
a combined local Lorentz and scale transformation we can reabsorb it into a redefinition
of the hatted spinor indices, just as we did in the AdS case in (2.3), namely
λˆα ≡ Pααˆλˆ
αˆ , wˆα ≡ Pααˆwˆαˆ ,
Πˆα ≡ PααˆΠˆ
αˆ , dˆα ≡ Pααˆdˆαˆ.
(3.9)
When acting on scalar operators such as the stress tensor and the antighost, the BRST
transformations can be cast into the following convenient form 3
QΠa = λγaΠ , QˆΠa = λˆγaΠˆ ,
QΠα = ∇λα , QˆΠα = −λˆβΠ
a(γa)
βα ,
QΠˆβ = −λ
αΠa(γa)αβ , QˆΠˆα = ∇λˆα ,
Qλα = Qλˆα = Qwˆ
α = 0 , Qˆλα = Qˆλˆα = Qˆwβ = 0 ,
Qwβ = dα , Qˆwˆ
α = dˆα ,
(3.10)
where the background fields R and Rˆ are the Riemann curvatures of the left and right-
moving Lorentz connections respectively. The BRST transformation of a background ten-
sor superfield is
{Q,Φ(Z)AB} =λ
α[∇αΦ(Z)]
A
B = λ
α
(
∂αΦ(Z)
A
B +ΩαC
AΦ(Z)CB − ΩαB
CΦ(Z)AC
)
,
{Qˆ,Φ(Z)AB} =λˆα[∇
αΦ(Z)]AB = λˆα
(
Pααˆ∂αˆΦ(Z)
A
B + P
ααˆΩαˆC
AΦ(Z)CB − P
ααˆΩαˆB
CΦ(Z)AC
)
(3.11)
where ΩαB
C and ΩαˆB
C are hatted or unhatted spin connections depending if (B,C) are
hatted or unhatted spinor indices.
3 In reducing the BRST transformations in the Appendix to the formulas below, one needs to
verify that the contributions of the unhatted and hatted spin connections in the transformations
of the Appendix cancel independently. This independent cancellation is easily verified for the
stress tensor and antighost. A similar approach has been previously discussed in [16][17].
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3.2. Antighost
As anticipated in the introduction, if the R-R superfield is covariantly constant and
invertible, we can follow the same steps as in AdS5 × S
5. The operator
(λλˆ) ≡ λαPααˆλˆ
αˆ , (3.12)
is in the BRST cohomology and we can use the inverse of this operator to construct the
antighost
b =
1
2(λλˆ)
(λˆγaΠˆ)Π
a − wα(1−K)
α
βΠ
β , (3.13)
where we use the curved space projector K
Kαβ =
1
2(λλˆ)
(γaλˆ)β(γaλ)α , (3.14)
which satisfies the same properties as in (2.10) and is annihilated by both BRST charges.
Let us show that the variation of (3.13) with respect to the holomorphic BRST charge
Q satisfies
{Q, b} = T ,
where T is given in (3.5). The variation of the first term in (3.13) is
−
1
2
ηabΠ
aΠb −
1
2(λλˆ)
(λˆγaΠˆ)(λγ
aΠ) , (3.15)
while the second term gives
Q(−w(1−K)Π) =− Πˆβ(1−K)
β
αΠ
α − wα(1−K)∇λ
α . (3.16)
The BRST holomorphicity constraint
∇αP
βγˆ + Cβγˆα = 0 , (3.17)
together with the condition (3.7), implies that C = 0. And the term −ΠˆKΠ in (3.16)
cancels with the second term in (3.15) so we proved that {Q, b} = T .
If the Ramond-Ramond superfield is invertible but is not covariantly constant, the b
ghost of (3.13) will instead satisfy {Q, b} = T +fααˆ(λ
β∇βP
ααˆ) for some fααˆ. It should be
possible to modify b→ b− b′ such that {Q, b′} = fααˆ(λ
β∇βP
ααˆ), but we will not attempt
to construct b′ in this paper.4
4 We thank Sebastian Guttenberg for pointing out the necessity of including additional terms
in the b ghost when Pααˆ is not covariantly constant.
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3.3. Conservation of the antighost
We need to show that
Qˆb = 0 , (3.18)
so that the argument (1.6) for the conservation of the antighost in the BRST cohomology
carries over. We have
Qˆ
(
1
2(λλˆ)
(λˆγaΠˆ)Π
a
)
=
1
2(λλˆ)
(λˆγa)
α
(
∇λˆαΠ
a − Πˆα(λˆγ
aΠˆ)
)
, (3.19)
Qˆ(−wβ(1−K)
β
αΠ
α) =wα(1−K)
α
β λˆ
αˆ(γa)αˆβˆP
ββˆΠa , (3.20)
The right hand side of (3.19) vanishes on the pure spinor constraint, while the right hand
side of (3.20) vanishes due to the properties (2.10) of the projectorK, when the background
satisfies (3.8). Hence, we proved (3.18) and the conservation of the antighost up to BRST
exact terms.
3.4. Antighost in a generic type II background
In this subsection, we discuss the complications in constructing the antighost in a
generic supergravity background. If we relax the assumption that the R-R superfield Pααˆ
be invertible, we cannot integrate out dα and dˆαˆ using their equations of motion (3.4). On
top of this, we are forced to introduce the non-minimal variables as in a flat background.
They consist of a new set of left and right-moving bosonic pure spinors (λ¯α,
ˆ¯λαˆ) and their
conjugate momenta (w¯α, ˆ¯w
αˆ
), as well as a set of left and right-moving constrained fermions
(rα, rˆαˆ) and their conjugate momenta (s
α, sˆαˆ). These non-minimal variables satisfy the
constraints λ¯γmλ¯ = ˆ¯λγm ˆ¯λ = 0 and λ¯γmr = ˆ¯λγmrˆ = 0, so that there are an equal number
of non-minimal bosonic and fermionic degrees of freedom. After modifying the BRST
operator to include the standard non-minimal term, these new variables decouple from the
cohomology and the physical spectrum.
The first step in constructing the b antighost in a generic background would be to find
an expression satisfying {Q, b0} = T where
Q =
∫
dz(λαdα + w¯
αrα), (3.21)
T = −
1
2
ΠaΠbηab − dαΠ
α − wα(∇λ)
α + sα(∇r)α − w¯
α(∇λ¯)α .
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Note that in a curved background, one introduces couplings of the non-minimal variables
to the spin connection in order to make the action invariant under local Lorentz trans-
formations. This can be done in a BRST-invariant manner by adding the BRST-trivial
term
{Q,−sα(∇¯λ¯)α} = s
α(∇¯r)α − w¯
α(∇¯λ¯)α + λ
αΠ¯Asβ λ¯γRαAβ
γ (3.22)
to the minimal action. Note that the non-minimal Lorentz current N¯ab =
1
2
(−w¯γabλ¯ +
sγabr) is equal to {Q,−
1
2 (sγabλ¯)}, so the non-minimal action includes the usual coupling
of the spin connection to the Lorentz current.
The nilpotent BRST transformations on the non-minimal variables which follow from
the curved action are
Qλ¯α = λ¯β(λ
γΩγα
β) + rα, (3.23)
Qw¯α = w¯β(−λγΩγβ
α) + λβλγsδRβγδ
α,
Qrα = rβ(λ
γΩγα
β) + λβλγ λ¯δRβγα
δ,
Qsα = sβ(−λγΩγβ
α) + w¯α,
where the second term in Qw¯α and Qrα comes from the last term in (3.22). When act-
ing on scalars, the spin connection Ωγα
β can be dropped and the non-minimal BRST
transformations simplify to
Qλ¯α = rα, Qw¯
α = λβλγsδRβγδ
α, (3.24)
Qrα = λ
βλγ λ¯δRβγα
δ, Qsα = w¯α.
Using the above non-minimal BRST transformations together with the minimal BRST
transformations of (3.10), one expects that b0 satisfying {Q, b0} = T will be a generalization
of the flat-space expression which is
bflat0 = s
α∇λ¯α +
1
2λλ¯
(λ¯γa)
αdαΠ
a − wα(δ
α
β − K˜
α
β )Π
β (3.25)
+
(λ¯γabcr)(dγabcd+ 24NabΠc)
192(λλ¯)2
−
(rγabcr)(λ¯γ
ad)N bc
16(λλ¯)3
+
(rγabcr)(λ¯γ
cder)NabNde
128(λλ¯)4
.
However, because the BRST transformations of dα and the non-minimal variables involve
the curvature Rαβγ
δ, one expects that b0 in a curved background will also have terms
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depending on this curvature. Moreover, note that the non-minimal version of the projector
(2.9) used in (3.25) is
K˜βα =
1
2(λλ¯)
(γaλ¯)
β(λγa)α .
which has the important difference with the expression in (3.13) that the hatted pure
spinor has been replaced by the barred non-minimal pure spinor.
Because the hatted pure spinor has been replaced with the non-minimal pure spinor,
the right-moving BRST operator Qˆ is no longer expected to anticommute with b0. Al-
though it will not be proven here, we conjecture that {Qˆ, b0} = −{Q, b1} for some b1. In
other words, we conjecture that its anticommutator with Qˆ is BRST-trivial with respect
to Q. Furthermore, we conjecture that {Qˆ, b1} = −{Q, b2} for some b2, etc. Note that bn
has left-moving ghost-number (−1− n) and right-moving ghost-number n.
If one assumes this conjecture and defines b = b0 + b1 + ..., one finds that
{Q+ Qˆ, b} = T. (3.26)
Repeating these arguments, one can construct bˆ = bˆ0 + bˆ1 + ... such that {Q+ Qˆ, bˆ} = Tˆ .
Using the amplitude prescription of (1.1), one can now insert these composite b and bˆ
antighosts. Although the b and bˆ antighosts do not have fixed (left, right) ghost-numbers,
the prescription is invariant (up to possible surface terms) under BRST transformations
generated by (Q+ Qˆ).
As in Ramond-Ramond curved backgrounds, the b antighost does not necessarily
satisfy ∂¯b = 0. In a Ramond-Ramond background, Qˆb = 0 implied that ∂¯b = {Qˆ,Ω}, which
was sufficient for the consistency of (1.1). However, in a generic curved background, one
needs to use non-minimal variables and {Qˆ, b} may be non-zero. Nevertheless, since {Q+
Qˆ, b} = T and ∂¯T = 0, it might be possible to show that ∂¯b = {(Q+Qˆ),Ω} for some Ω (and
similarly, ∂bˆ = {(Q+ Qˆ), Ωˆ} for some Ωˆ). If this can be shown, the amplitude prescription
of (1.1) would be consistent, not only for invertible Ramond-Ramond superfields, but for
any curved background, since Q+Qˆ can be pulled off of Ω and would only generate possible
surface terms.
Acknowledgements: We would especially like to thank S. Guttenberg for pointing
out an error in the first version of the paper that construction of the b ghost requires
additional conditions on Pαβˆ . We would also like to thank O. Chandia and N. Nekrasov
for discussions. NB would like to thank the Simons Center for Geometry and Physics
where part of this research was done and FAPESP grant 09/50639-2 and CNPq grant
300256/94-9 for partial financial support.
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Appendix A. Some results in AdS5 × S
5
A.1. Proof of conservation of b in AdS
Let us check that the BRST transformation of the operator O in (2.20) is equal to ∇¯b
in (2.17) and (2.18). The BRST transformations of the various terms are
{Qˆ, A0} =C333¯ + C2¯3 + C23 + C23¯ ,
C333¯ =b0 ,
C2¯3 =
2
2λλˆ
(λˆγeJ3)J¯2fN
ef +
2
(2λλˆ)2
(λγeγaλˆ)(λˆγfJ3)J¯
a
2N
ef ,
C23 =− ∇¯
(
λˆα
2λλˆ
)
(γaJ3)αJ
a
2 ,
C23¯ =
1
2
1
2λλˆ
(
(J¯3γefγaλˆ)J
a
2N
ef − (J¯3Kγefγaλˆ)J
a
2N
ef
)
,
(A.1)
{Qˆ, Aw} =B23¯ +B2¯3 +B1 +B1¯ ,
B23¯ =
1
2
1
2λλˆ
(J¯3Kγefγaλˆ)J
a
2N
ef − [w(1−K)γaJ¯3]J
a
2 ,
B2¯3 =[w(1−K)γbJ3]J¯
b
2 −
2
2λλˆ
(λγaγcλˆ)(λˆγbJ3)J¯
c
2N
ab ,
B1 =∇¯
(
λˆα
2λλˆ
)
(wγa)α(λγaJ1) ,
B1¯ =−
1
2
(wγefKJ¯1)N
ef +
2
2λλˆ
(2γeλˆ)(λγf J¯1)N
ef ,
(A.2)
{Qˆ, Aww} =bww +
1
2
[wγefKJ¯1]N
ef −
2
2λλˆ
(wγeλˆ)(λγf J¯1)N
ef . (A.3)
Summing up we find
{Qˆ,Ω} =b0 + bw + bww + ∇¯
(
λˆα
2λλˆ
)
(−(γaJ3)
αJa2 + (wγa)
α(λγaJ1)) ,
=∇¯b .
(A.4)
Appendix B. Some results in type IIA/B curved backgrounds
We consider the case where the R-R superfield is invertible and we have integrated out
d upon its equation of motion (3.4). The BRST transformations of the worldsheet fields
17
are generated by the BRST charge Q+ Qˆ and we will consider the separate left and right-
moving BRST transformations.5 We assume the background type II supergravity is onshell
and we use the holomorphicity and nilpotency constraints of [14] to simplify the transfor-
mations. We also use the gauge choice of [14] where Tαβ
γ = T
αˆβˆ
γˆ = 0 = Taα
β = Taαˆ
βˆ = 0
and where Tαˆa
b = Tˆαa
b = 0. As explained in [14], it is convenient to introduce both left
and right-moving spin connections, ΩAβ
γ and Ωˆ
Aβˆ
γˆ which act respectively on unhatted
and hatted spinor indices. On vector indices, one can use either of these connections and
TAa
b is defined using ΩA whereas TˆAa
b is defined using ΩˆA.
The nilpotent BRST transformations are given by:
QΦ(Z)A1...AMB1...BN = λ
α∂αΦ(Z)
A1...AM
B1...BN
, QˆΦ(Z)A1...AMB1...BN = λˆ
αˆ∂αˆΦ(Z)
A1...AM
B1...BN
, (B.1)
QZM =λαEMα , QΠˆ
αˆ = Πβˆ(−λγΩˆ
γβˆ
αˆ)− λαΠa(γa)αβP
βαˆ ,
QΠa =Πb(−λγΩˆγb
a) + λγaΠ , QΠα = Πβ(−λγΩγβ
α) +∇λα ,
Qdγ =− dα(−λ
ρΩργ
α)− (λγa)γΠ
a + λαλβwδRγαβ
δ ,
Qdˆγˆ =− dˆαˆ(−λ
γΩˆγγˆ
αˆ) + λρˆλτ wˆσˆRˆγˆτ ρˆ
σˆ ,
Qλα =λβ(−λγΩγβ
α) , Qwβ = −wα(−λ
γΩγβ
α) + dα ,
Qλˆαˆ =λˆβˆ(−λγΩˆγβˆ
αˆ) , Qwˆβˆ = −wαˆ(−λ
γΩˆγβˆ
αˆ) .
(B.2)
QˆZM =λαˆEMαˆ , QˆΠ
α = Πβ(−λˆγˆΩγˆβ
α)− λˆαˆΠa(γa)αˆβˆP
αβˆ ,
QˆΠa =Πb(−λˆγˆΩγˆb
a) + λˆγaΠˆ , QˆΠˆαˆ = Πˆβˆ(−λˆγˆΩˆγˆβˆ
αˆ) +∇λˆαˆ ,
Qˆdγ =− dα(−λˆ
γˆΩγˆγ
α) + λρλˆρˆwσRγρˆρ
σ ,
Qˆdˆγˆ =− dˆαˆ(−λˆ
βˆΩˆ
βˆγˆ
αˆ) + (λˆγa)γˆΠ
a + λˆαˆλˆβˆwˆ
δˆ
Rˆ
γˆαˆβˆ
δˆ ,
Qˆλα =λβ(−λˆγˆΩγˆβ
α) , Qˆwβ = −wα(−λˆ
γˆΩγˆβ
α) ,
Qˆλˆαˆ =λˆβˆ(−λˆγˆΩˆγˆβˆ
αˆ) , Qˆwˆβˆ = −wˆαˆ(−λˆ
γˆΩˆγˆβˆ
αˆ) + dˆαˆ .
(B.3)
The background fields R and Rˆ are the Riemann curvatures of the left and right-moving
Lorentz connections Ω and Ωˆ respectively. In writing the BRST transformation of Πa,
one can either use the unhatted or hatted spin connection. Since Tˆαa
b = Tαˆa
b = 0, it is
convenient to use the hatted spin connection in the definition of QΠa and the unhatted
spin connection in the definition of QˆΠa. Of course, one can also write QΠa in terms of
the unhatted spin connection using the relation Ωˆαa
b = Ωαa
b − Tαa
b.
5 The BRST transformations of the heterotic pure spinor superstring in a SYM and SUGRA
background have been presented in [18].
18
We can check nilpotency of these BRST transformations using the supergravity con-
straints [18]. For example, to check that Q2 = 0,
ǫ1Q(ǫ2QZ
M ) =ǫ1ǫ2λ
βλγ
(
∂(βE
M
γ) +Ωβγ
αEMα
)
=ǫ1ǫ2λ
βλγTAβγE
M
A ,
(B.4)
which vanishes because of the torsion constraint λβλγTAβγ = 0. We also have
ǫ1Q(ǫ2Qλ
α) =ǫ1ǫ2λ
βλγλρ
(
∂(ρΩγβ)
α − Ω(γρ
τΩτ |β)
α − Ω(γρ
τΩβ)τ
α
)
=ǫ1ǫ2λ
βλγλρRργβ
α ,
(B.5)
which vanishes due to the constraint λβλγλρRβγρ
α = 0. We can similarly check that the
supergravity constraints imply that Qˆ2 = 0 and {Q, Qˆ} = 0.
When acting on a target space scalar operator, we can rearrange the BRST transforma-
tions by removing the Lorentz spin connection from the transformation of the worldsheet
fields (B.2) and (B.3) and covariantizing the BRST transformations of the background
superfields (B.1) as
{Q,Φ(Z)AB} =λ
α[∇αΦ(Z)]
A
B = λ
α
(
∂αΦ(Z)
A
B +ΩαC
AΦ(Z)CB − ΩαB
CΦ(Z)AC
)
,
{Qˆ,Φ(Z)AB} =λˆ
αˆ[∇αˆΦ(Z)]
A
B = λˆ
αˆ
(
∂αˆΦ(Z)
A
B +ΩαˆC
AΦ(Z)CB − ΩαˆB
CΦ(Z)AC
)
.
(B.6)
Using these redefined transformations, one can check that the stress tensor is BRST in-
variant.
When the R-R superfield satisfies (3.8), we can further redefine the worldsheet fields
as in (3.9) and finally obtain (3.10) and (B.6). The only subtlety is that both the unhatted
and hatted spin connections appear in (B.2) and (B.3), so one needs to verify that they
cancel independently in the transformation of the scalar operator. Fortunately, this is
easily verified for the stress tensor and antighost of (3.3) and (3.13). The unhatted and
hatted spin connections appearing in the BRST transformations of unhatted and hatted
spinor fields are easily shown to cancel. And the hatted spin connection appearing in the
BRST transformation QΠa cancels since Πa only appears in the combinations ηabΠ
aΠb
and (λˆγaΠˆ)Π
a in (3.3) and (3.13).
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B.1. BRST invariance of the stress tensor
Let us check that the stress tensor (3.5) is BRST invariant. Since we are acting on a
scalar operator, we can use the redefined BRST transformations (B.6). First consider the
left-moving BRST variation {Q, T}. We find
Q
(
−
1
2
ΠaΠbηab
)
=− ηabΠ
a(λγbΠ) , (B.7)
Q
(
−PγγˆΠˆ
γˆΠγ
)
=− λρ(∇ρPγγˆ)Πˆ
γˆΠγ + λαΠa(γa)αρΠ
ρ + PγγˆΠˆ
γˆ∇λγ , (B.8)
Q
(
−Pγγˆλ
ρwβC
βγˆ
ρ Π
γ
)
=− λρ(∇ρPγγˆ)λ
αwβC
βγˆ
α Π
γ − Pγγˆλ
αλλwσC
σβˆ
λ C
βγˆ
α Π
γ
− Pγγˆλ
αΠˆβˆCβγˆα Π
γ
− Pγγˆλ
αwβλ
ρ∇ρC
βγˆ
α Π
γ
+ Pγγˆλ
αwβC
βγˆ
α ∇λ
γ ,
(B.9)
Q (−wα∇λ
α) =− Pαγˆ(Πˆ
γˆ + λσwρC
ργˆ
σ )∇λ
α + wβλ
αΠρλδRρδα
β , (B.10)
where in the last equation we used the fact that Ωα
β = ΠAΩAα
β and
QΩα
β = ΠAλγRAγα
β , (B.11)
and λγλβRaγβ
ρ = λγλβRαˆγβ
ρ = 0 from the BRST nilpotency contraints. Let us simplify
the previous expressions, noting that
∇ρPγγˆ = −Pγαˆ(∇ρP
ααˆ)Pαγˆ . (B.12)
Due to the holomorphicity constraint of (3.17) the first line in (B.9) vanishes, while the
first term in (B.8) cancels against the second line in (B.9). The last term in (B.8) cancels
against the last term in (B.9) plus the first term in (B.10). Finally, using the BRST
holomorphicity constraint λαλβ(∇αC
γγˆ
β − P
δγˆRραβ
γ) = 0, the third line in (B.9) cancels
against the last term in (B.10). Hence the result {Q, T} = 0.
Let us check that the right-moving BRST variation vanishes as well. The various
terms in (3.3) transform as
Qˆ
(
−
1
2
ΠaΠbηab
)
=− ηabΠ
a(λˆγbΠˆ) , (B.13)
Qˆ
(
−PγγˆΠ
γΠˆγˆ
)
=− λˆρˆ∇ρˆPγγˆΠ
γΠˆγˆ + PγγˆΠ
γ∇λˆαˆ
λˆσˆΠa(γa)σˆγˆΠˆ
γˆ ,
(B.14)
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Qˆ
(
−Pγγˆλ
ρwβC
βγˆ
ρ Π
γ
)
=− λˆρˆ∇ρˆPγγˆλ
αwβC
βγˆ
α Π
γ
− Pγγˆλ
αwβ λˆ
ρˆ∇ρˆC
βγˆ
α Π
γ
− λαwβC
βγˆ
α λˆ
ρˆΠa(γa)σˆγˆ ,
(B.15)
Qˆ(−wα∇λ
α) =− wαλˆ
αˆλβΠaRaαˆβ
α − wαλˆ
αˆλβΠγRγαˆβ
α . (B.16)
The first term (B.13) cancels against the second line of (B.14). Using the BRST holomor-
phicity constraint
∇αˆC
γδˆ
β − P
ρδˆRραˆβ
γ − Sβαˆ
γδˆ = 0 ,
we can recast the second line of (B.15) into
−Pγγˆλ
αwβ λˆ
ρˆ∇ρˆC
βγˆ
α Π
γ = λαwβ λˆ
αˆΠγRγαˆα
β + λαwβ λˆ
αˆΠγPγγˆSαρˆ
βγˆ , (B.17)
then we see that the first term in (B.17) cancels against the last term in (B.16) while
using the holomorphicity constraint Raαˆβ
γ = Cγδˆβ Tδˆαˆa we find that the first term in (B.16)
cancels against the last line in (B.15). The remaining terms vanish due to the equations
of motion for λˆ in a curved background
∇λˆαˆ =− λˆβˆPγγˆ(Πˆ
γˆ + λρwσC
σγˆ
ρ )C˜
αˆγ
βˆ
− λˆβˆλαwβSαβˆ
βαˆ , (B.18)
by using the holomorphicity constraint C˜ γˆβαˆ − ∇αˆP
βγˆ = 0 in the gauge P βδˆT
δˆαˆ
γˆ = 0.
Hence we proved that {Qˆ, T} = 0.
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